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An exact parametric expression for the analemma and Equation of Time
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Where does this work fit into the existing literature? Is there anything new here?
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- Motivation

How did | become interested in sundials?

When visiting my grandfather Claude Goyder (1912 - 2007) in Waterloo, Ontario in 2005, he casually estimated the
time from a shadow. | thought about the sundial problem on my flight back to the UK.
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@ Earth’s Orbit

Defining a coordinate frame for Earth’s orbit around the Sun

A3

autumnal equinox

€

winter solstice

vernal equinox

summer solstice
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e, and e, are in the plane of Earth’s orbit
around the sun

ez is perpendicular to the plane of
Earth’s orbit

s is a vector from the center of the Sun to
the center of the Earth — a sun ray

o measures the progress of Earth’s orbit

p measures the offset of the solstices
from perigee and apogee

a measures the tilt of Earth’s axis of
rotation relative to the orbital plane

f3 points along Earth’s axis of rotation

f1 and f, are in Earth’s equatorial plane




@ The Sundial

Defining the location and orientation of the sundial and gnomon

Surface frame Dial face Gnomon
m
3 n
A |
]
:
115} !
L g : I]l
I
I
I
AN :
5 |
N :
: D
5
* ng points overhead * my and my lie in dial face * g isthe gnomon
* M4 and n, lie in the ground * iisthedial’sinclination * tisthe gnomon’s inclination
* @ defines (90° minus) latitude * disthe dial’s declination * Jisthe gnomon’s declination
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@ The Shadow

Geometry of the shadow cast by the gnomon on the dial face

The meridian plane
containing a line of

Shadow triangle longitude and the
vectors n, and n, The hour angle u;
between the shadow
SO S plane and the meridian
at noon Slare

shadow
attimet

n, and n, lie in
the ground
and n; points
overhead

v

The dial face
containing the
vectors m; and m,

* wisthe shadow, length L
e The sunrays, gnomon g and shadow

The shadow plane
w all lie in the shadow plane

containing the sunray s
and the gnomon g
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T h S l . I was able to find a nice expression for sin E cos y; in
e O u I O n — e O I I I e ry closed form, but | could only find a nice factorization for
sin E sin y; when § = 0 (gnomon with zero declination).
All results below are given in this special case.

Sundial and shadow geometry in terms of Earth’s orbit o, and rotation 1),

siny; cos o — cos Y, tan o;

tan u; = — : : Hour angle u; N\ |

G (siny; tan g; + cos @ cos ;) cos(t — B) — sina sin(t — 6) |

L~_
]
) tan Y, cos g; + tan g, Hour angle y; when )
an = -
He =0 taniy;tano; + cosa the gnon:ing's astyle
(sinisintcosd + cosicost) tan u;
tan Zt = D s D s D . o E o o Shadowangle (t A I'
1 —sin?isin?d — (sin?icosd cost— sinisintcosi)sind tan y; y |-
i Gt
(cosy;tano; — siny; cosa)sind cost + I cosd
At Coordinates of the X

shadow tip x, y

(cosy; tanog; — siny; cosa)(sinisint + cosd cosicost) — I sind cosi
= A

[} = siny; cos(t — @) tan g; + cosa cos Y, cos(t — @) — sin a sin(t — 8)

A; = (cosy;tano, —siny, cosa)sind sini + (siny; tano; + cos a cos ;) (sinicosd cos@ — sinf cosi ) + (sinisin @ cosd + cosicosf) sina
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The Solution — Orbit

Earth’s orbit as a function of time, and the Equation of Time

b sin(wt) 15 ' ' '
ae + cos(wrt)

be=pt (1) %) =

10
t(t)=a (T & %sin(wr))

&)

p is the difference in o; between perihelion and winter solstice

o

N is the number of days in a mean year, approximately 365.2422

|
w

t, is the time of the most recent perihelion

AN
o

Solar time — mean time (minutes)

a and b are the semi-major and semi-minor axes of Earth’s orbit

- - - Effect of Keplerian orbit

e is the eccentricity of Earth’s orbit 15} ‘= - Effect of earth’s axis tilt 1
— Effect of both
T, is length of a year in seconds (365 X 24 X 3600) 20 . . .
0 50 100 150 200 250 300 350 400
2na . ) . . Ti : bl
w = Tia is an angular frequency parameter in the orbit solution ime since perihelion (days)
y
tan o, — tan ), cosa N +12nN
T parameterizes the curve traced by Earth’s orbit u(t) =t = tan™" — (t - tp)
tan o; tany); + cosa N T,
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Example Analemmas

Visualizing analemmas for a common dial geometry

-Aratermatic sundial in Cambridge, UK

The x axis points along the vector m, and the y
axis points in the direction of —m,.

The black dot e marks the base of the gnomon,
and distances are in gnomon lengths.

An analemma for each hour of the day is shown,
coloured according to season, with the longest
shadows in winter (blue dashed) and the shortest
in summer (red dot-dashed).

Horizontal

The path followed by the shadow tip on the
solstices and equinoxes is also shown.

On the solstices, the path envelops the
analemmas (blue and red).

On the equinoxes, this path forms a straight line
(green solid and black dotted lines on top of each
other).

—— Spring
-~ Summer
‘," v AURUIR
3pm -—-- Winter
i /j{
o /'///
R
""./_4:...----
Bpm oo - — e T —
e
a |
™,
\ -
//
T T T T T T T T T
-10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0
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Latitude: 90° — 6 = 52.5°,1=37.5°%i=d =0




Example Analemmas

Visualizing analemmas for a couple of unusual sundials

Tropical sundial with unusual geometry Arctic sundial
—— Autumn —— Spring
10.0 4 o ——- Winter 10.0 1 ——- Summer
Ry e SpIING e AUtUMIN
--——— summer
7.5 1 7.5
5.0 4 5.0 -
2.5 2.5
0.0 4 0.0 4
—2.54 —-2.51
—5.0 1 —=5.0 1
—7.5 4 —7.51
—-10.0 4 A —10.0 1
-10 s 0 5 10 10 = 0 5 10
Latitude: 90° — 6 = 100.5°,¢ = 20°,i = —15°,d = 30° Latitude: 90°— 6 = 10°,¢=0°i=0°d = 30°

https://russellgoyder.ca 10



Publication The Analemma Project

Available online at
https://russellgoyder.ca/analemma

by mattgraham
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*! YouTube ~
European Journal of Physics

The sundial problem from a new angle
R Goyder
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They deciphered my analemma!

Authors =

The analemma is the beautiful double-loop path traced by the shadow on a sundial (or the sun in
the sky) when observed at the same time each day throughout one year. This package calculates
and plots the analemma for all types of sundial anywhere on earth, or any planet.

Article information
pip install analemma

T . - o -

Abstract
| present the age-old mathematics of the sundial from a new perspective. Standard approaches
P 9 persp PP Algebra of the Sun - Russell Goyder
consider the problem in the Earth frame and focus on spherical geometry. In this work, | apply a more PyPI ttps://pypi Jproject/analemmar ﬁ i
physical approach, based on geometric algebra, to the generalized sundial problem of calculating the = @ L /v Share [ save
. . . . . Documentation Lt analemma.readthedocs.io/en/stable/
position of the tip of the shadow of a gnomon on a flat dial surface, both of which can have arbitrary
. . . . . . . . _ e I 138 views 2 years ago
orientation. This results in both an exact expression for the equation of time and formulae for the Source tt ) /russellgoyder/analemma Hliat ol Coytiey era-ii A Aproaelt o the fUdial pablesTtinf cometini e leno o o shadow camt by Ratick
i i i i " nomon) by the sun at a given latitude at a given time of day, at a given point of the Earth's orbit, using geometric algebra.
shadow tip which reduce to standard results for the special cases of common dial types. (Esre T tt B i ligoyder/analemmaissues (?,more ) by g g Y, at a given po 99 g
Export citation and abstract | BibTeX RIS Discussions tt ithub /russellgoyder/analemma/
Changelog tt nalemma.readthedocs.io/e .
Recently, dusted off to share at metauni.org
Originally published in 2006 e3 : : 1
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(I Analemma Software

A free Python package that implements and explains the calculation

Sundials, Orbits and Analemmas Common Dial Types Comparison with Rohr's Book

Sundials are much easier to construct in certain special cases where the gnomon is a parallel to

Earth's axis of rotation (known as a style) and the dial face has a special alignment. & taunch [

The simplest is an equatorial dial, where the dial face is parallel to the equator, and the

analemmas are evenly placed around the circle. On the equinoxes, sunrays are parallel to the dial The book SUNDIALS History, Theory and Practice by Rohr (1996) is the standard reference for
face and so cannot be shown. sundials and contains many results similar to those present here in analemma, except in various
special cases, the most general of which is the case where the gnomon is a style, so its
inclination ¢ = 4, the (90° minus) latitude angle.

In the original work | used
MATLAB and Maple.

A\
N A horizontal dial's face is parallel to the ground, while a vertical dial's face is perpendicular. In the
7 \ northern hemisphere, vertical dial faces south and in the southern hemisphere it faces north.

-k &

In this notebook, demonstrate that our results reduce to those in Rohr when specialized to that

f1g; wxs = plt. subplots(2, 2, ‘figsizes(12 case. Throught, we will make use of the following notational translation:

Now, there is a Python ax 1n axs. flat

analemma performs sundial calculations, allowing for very general geometry that covers all GX‘G@UZTWB? Angle analemma Rohr
i A A - q ax.axis )
Ve rS | O N o n l| n e. common types of dial. Highlights include
_analemma_plot(ax, dial, title): Sundial declination —d
exact parametric expressions for the analemma on any type of sundial aplot.plot_hourly_analemmas{ax, earth, dial, year=2024, title=title)

orbits and the equation of time for any planet vancouver = 49.3 Hour angle

Re p rOd u Ces eve ry Ste p Of _analemma_plot(axs[@,8], geom.DialParameters.equatorial(latitude=vancouver),

a plotting module to draw the analemma _analemma_plot(axs[®, 1], geom.DialParameters.heorizontal(latitude=vancouver) Latitude
th l l t' 1 d t 'l ) . . _analemma_plot({axs[1,8], geom.DialParameters.vertical(latitude=vancouver)
e Ca C u a |O n | I"l e a | all resulis expressed numerically and in symbolic algebra
. 1.1 i i ( i -33.9 Gnomon-subgnomon angle
us | ng free too l.S all tests published within the package so you can read and run them =L R R 1 ] G DR e T O (R e )
.
Equatorial dial in Vancouver, Cana Horizontal dial in Vancouver, Canada Subgnomon-noon angle

Install s V.
Ca |.C u la es an d p lOtS . T ~ 94 The function rohr below specializes to the case of a style, in the notation of Rohr's book.

pip install analemma
analemmas and the SEORN ¥
o . = | i | m sy r i cot
Equatlon Of Tlme- USage - N ) T N i '- .abc import d, phi, mu, iota, A

from analemma.algebra import frame, util, render, result
import matplotlib.pyplot as plt

CO ares With eXiSti n from analemma import orbit, plot as aplot, geometry as geom A - def rohr(expr)
p g ' ’ ) . T . sturn expr.subs(iota, sp.pi/2-phi).subs(d, -d).simplify()
earth orbit.PlanetParameters.earth() . vertical dial in Vancouver, Canada Vertical dial in Sydney, Australia

lite ratu re (Rohr 1 996)_ vertical_dial geom.DialParameters.vertical(latitude=52

fig. ax = plt.subplots() B N Noon and the Line of Greatest Slope
ax.grid() T 5 - / : 5
ax.axis( )

| 1 T = On page 78 of Rohr's book, he derives the tangent of v, the angle between two lines in the dial
aplot.plot_hourly_analemmas(ax, earth, vertical_ dial) 2.5 = T~ face; the noon line and the line of greatest slope. The latier is the vector m, the first vector in the

. We can calculate the same as
See for complete examples showing various analemmas.

For the connection between the angle of the sun, the date, and the time, see LE ’
,and b 5 25 O .0 5 X 5.4 2. 5 5.0 5 S. _ ma - w,_( 0
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Existing Literature

Seeking to understand whether anything here is novel e 1y SO8 1 COS d sin ¢ + sin i cos ¢ — cos i sin d cot HA.
§== cos d cot HA -+ sin d sin b

SUNDIALS

History, Theory, The Shadow and the Line of Greatest Slope
and Practice
P On page 78, Rohr calculates w, the angle between the shadow and the line of greatest slope on
_ il f the dial face. The equivalent calculation here is tan(w) = —y/z where z and y are the
ol coordinates of the shadow and the minus sign enters because m, points up, not down the line of
- / ER greatest slope.
(’_/: _______________ |
s =0 “xf ¥, ¥ = result.shadow_coords_xy()
W o \ tan_w = (-y/x).subs(cos(mu), cot(mu)*sin(mu))
\\~\\‘“K \ render .expression(r , rohr(tan_w))
René R.J. Rohr N _ —sin (d) cos (i) cot (u) + sin (%) cos (@) + sin (¢) cos (d) cos (4)
=7 sin (d) sin (¢) + cos (d) cot (1)

https://analemma.readthedocs.io/en/stable/nb/rohr_comparison/

What is the value of this work? Is there any beyond fun and pedagogy (see Rohr Fig 75)? In

, - - racti n alw r numerically.
Although the solution belongs to the field of elementary mathe- practice, can always proceed erically

matics, it is not obvious at first view. Yet there arc two reasons for

dc%cribing it. The prmci}m] reason is that it leads to gcncrn] formu- Rohr’s r.esults are special cases (gnomon = style, t = ). Not obvious to me that they
lae, barely known, giving the clements of any type of dial. The generalize to my results when ¢ # 6.

second reason is the hope that it will be welcomed by those who

enjoy solving the interesting problems raised by gnomonics and | cannot find my approach or results in the literature. It is hard to believe anything here is
that it may lead to further research. new given the age of the sundial problem. But maybe?
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Thank You

Russell Goyder
NASS Conference 2025
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