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Agenda
Summary of topics to cover in this presentation

Motivation
How I became interested in sundials

Setup and Definitions
Earth’s orbit and the location and geometry of the sundial and shadow

The Solution
An exact parametric expression for the analemma and Equation of Time

The Literature
Where does this work fit into the existing literature? Is there anything new here?
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When visiting my grandfather Claude Goyder (1912 – 2007) in Waterloo, Ontario in 2005, he casually estimated the 
time from a shadow. I thought about the sundial problem on my flight back to the UK.

Motivation
How did I become interested in sundials?
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winter solstice

𝜎 𝑠

𝛼

vernal equinox

autumnal equinox

summer solstice

𝒆𝟏 and 𝒆𝟐 are in the plane of Earth’s orbit 
around the sun

𝒆𝟑 is perpendicular to the plane of 
Earth’s orbit

𝒔 is a vector from the center of the Sun to 
the center of the Earth – a sun ray

𝝈 measures the progress of Earth’s orbit

𝝆 measures the offset of the solstices 
from perigee and apogee

𝜶 measures the tilt of Earth’s axis of 
rotation relative to the orbital plane

𝒇𝟑 points along Earth’s axis of rotation

𝑓1 and 𝑓2 are in Earth’s equatorial plane

𝒆𝟑

𝒆𝟐

𝒆𝟏

𝝆

𝒇𝟏

𝒇𝟑

𝒇𝟐

Earth’s Orbit
Defining a coordinate frame for Earth’s orbit around the Sun
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The Sundial
Defining the location and orientation of the sundial and gnomon

• 𝒏𝟑 points overhead
• 𝒏𝟏 and 𝒏𝟐 lie in the ground
• 𝜽 defines (90° minus) latitude

Surface frame

• 𝒎𝟏 and 𝒎𝟐 lie in dial face
• 𝒊 is the dial’s inclination
• 𝒅 is the dial’s declination 

Dial face

• 𝒈 is the gnomon
• 𝜾 is the gnomon’s inclination
• 𝜹 is the gnomon’s declination 

Gnomon
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The Shadow
Geometry of the shadow cast by the gnomon on the dial face

𝜁𝑡

m1

m2

𝑥

𝑦

shadow 
at noon

shadow 
at time t

The dial face 
containing the 
vectors m1 and m2

• w is the shadow, length L
• The sun ray s, gnomon g and shadow 
w all lie in the shadow plane

Shadow triangle

w

The hour angle 𝜇𝑡 
between the shadow 
plane and the meridian 
plane

The shadow plane 
containing the sun ray 𝑠 
and the gnomon 𝑔

n2

n3

n1

s

g

𝜇𝑡

The meridian plane 
containing a line of 
longitude and the 
vectors n1 and n3 

n1 and n2 lie in 
the ground 
and n3 points 
overhead
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The Solution – Geometry
Sundial and shadow geometry in terms of Earth’s orbit 𝜎𝑡 and rotation 𝜓𝑡

𝑥 =
cos 𝜓𝑡 tan 𝜎𝑡  − sin 𝜓𝑡 cos 𝛼 sin 𝑑 cos 𝜄 + Γt cos 𝑑

Δt
 

𝑦 =
cos 𝜓𝑡 tan 𝜎𝑡  − sin 𝜓𝑡 cos 𝛼 (sin 𝑖 sin 𝜄 + cos 𝑑 cos 𝑖 cos 𝜄) − Γt sin 𝑑 cos 𝑖 

Δt
 

Δt = cos 𝜓𝑡 tan 𝜎𝑡  − sin 𝜓𝑡 cos 𝛼 sin 𝑑 sin 𝑖 + sin 𝜓𝑡 tan 𝜎𝑡 + cos 𝛼 cos 𝜓𝑡 sin 𝑖 cos 𝑑 cos 𝜃 − sin 𝜃 cos 𝑖 + sin 𝑖 sin 𝜃 cos 𝑑 + cos 𝑖 cos 𝜃 sin 𝛼

Γt = sin 𝜓𝑡 cos 𝜄 − 𝜃 tan 𝜎𝑡 + cos 𝛼 cos 𝜓𝑡 cos 𝜄 − 𝜃 − sin 𝛼 sin(𝜄 − 𝜃)

𝜁𝑡

𝑥

𝑦

Coordinates of the 
shadow tip 𝑥, 𝑦

tan 𝜇𝑡 =
sin 𝜓𝑡 cos 𝜎𝑡 − cos 𝜓𝑡 tan 𝜎𝑡

sin 𝜓𝑡 tan 𝜎𝑡 + cos 𝛼 cos 𝜓𝑡 cos 𝜄 − 𝜃 − sin 𝛼 sin(𝜄 − 𝜃)

tan ቚ𝜇𝑡
𝜄=𝜃

=
tan 𝜓𝑡 cos 𝜎𝑡 + tan 𝜎𝑡

tan 𝜓𝑡 tan 𝜎𝑡 + cos 𝛼

Hour angle 𝜇𝑡

Hour angle 𝜇𝑡  when 
the gnomon is a style

𝜄 = 𝜃

tan 𝜁𝑡 =
sin 𝑖 sin 𝜄 cos 𝑑 + cos 𝑖 cos 𝜄 tan 𝜇𝑡

1 − sin2 𝑖 sin2 𝑑 − sin2 𝑖 cos 𝑑 cos 𝜄 − sin 𝑖 sin 𝜄 cos 𝑖 sin 𝑑 tan 𝜇𝑡

Shadow angle 𝜁𝑡

I was able to find a nice expression for sin Ξ cos 𝜇𝑡  in 
closed form, but I could only find a nice factorization for 
sin Ξ sin 𝜇𝑡  when 𝛿 = 0 (gnomon with zero declination). 
All results below are given in this special case.

𝜇𝑡
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The Solution – Orbit
Earth’s orbit as a function of time, and the Equation of Time

𝜓𝑡 = 𝜌 +
𝑁 + 1

𝑁
(𝑡 − 𝑡𝑝)

𝑡(𝜏) = 𝑎 𝜏 +
𝑒

𝜔
sin 𝜔𝜏  

𝜎𝑡 𝜏 =
𝑏

𝑎

sin(𝜔𝜏)

𝑒 + cos(𝜔𝜏)

𝜇 𝑡 − 𝜇𝑚 𝑡 = tan−1
tan 𝜎𝑡 − tan 𝜓𝑡 cos 𝛼

tan 𝜎𝑡 tan 𝜓𝑡 + cos 𝛼
−

𝑁 + 1

𝑁

2𝜋𝑁

𝑇𝑦
𝑡 − 𝑡𝑝

𝜌 is the difference in 𝜎𝑡  between perihelion and winter solstice

𝑁 is  the number of days in a mean year, approximately 365.2422

𝑡𝑝 is the time of the most recent perihelion

𝑎 and 𝑏 are the semi-major and semi-minor axes of Earth’s orbit

𝜏 parameterizes the curve traced by Earth’s orbit

𝜔 =
2𝜋𝑎

𝑇𝑦
 is an angular frequency parameter in the orbit solution

𝑇𝑦  is length of a year in seconds (365 × 24 × 3600)

𝑒 is the eccentricity of Earth’s orbit
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Example Analemmas
Visualizing analemmas for a common dial geometry

Latitude:  90° − 𝜃 = 52.5°, 𝜄 = 37.5°, 𝑖 = 𝑑 = 0

The 𝑥 axis points along the vector 𝑚2 and the 𝑦 
axis points in the direction of −𝑚1.

The black dot ⚫ marks the base of the gnomon, 
and distances are in gnomon lengths.

An analemma for each hour of the day is shown, 
coloured according to season, with the longest 
shadows in winter (blue dashed) and the shortest 
in summer (red dot-dashed).

The path followed by the shadow tip on the 
solstices and equinoxes is also shown.

On the solstices, the path envelops the 
analemmas (blue and red).

On the equinoxes, this path forms a straight line 
(green solid and black dotted lines on top of each 
other).

Horizontal
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Example Analemmas
Visualizing analemmas for a couple of unusual sundials

Latitude: 90° − 𝜃 =  100.5°, 𝜄 = 20°, 𝑖 = −15°, 𝑑 = 30° Latitude: 90° − 𝜃 =  10°, 𝜄 = 0°, 𝑖 = 0°, 𝑑 = 30°
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Publication
Available online at 
https://russellgoyder.ca/analemma  

Originally published in 2006
Recently, dusted off to share at metauni.org

https://russellgoyder.ca/analemma/
https://metauni.org/
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Analemma Software
A free Python package that implements and explains the calculation

In the original work I used 
MATLAB and Maple.

Now, there is a Python 
version online.

Reproduces every step of 
the calculation in detail 
using free tools.

Calculates and plots 
analemmas and the 
Equation of Time.

Compares with existing 
literature (Rohr 1996).
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Existing Literature
Seeking to understand whether anything here is novel

Page 77

Figure 75, page 76

Page 78

What is the value of this work? Is there any beyond fun and pedagogy (see Rohr Fig 75)? In 
practice, can always proceed numerically.

Rohr’s results are special cases (gnomon  style, 𝜄 = 𝜃). Not obvious to me that they 
generalize to my results when 𝜄 ≠ 𝜃.

I cannot find my approach or results in the literature. It is hard to believe anything here is 
new given the age of the sundial problem. But maybe?

https://analemma.readthedocs.io/en/stable/nb/rohr_comparison/

https://analemma.readthedocs.io/en/stable/nb/rohr_comparison/


Russell Goyder
NASS Conference 2025

Thank You


	Slide 1: The Sundial Problem from a New Angle
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14: Thank You

